Nuclear magnetic relaxation (NMR) in a gas of regular (tetrahedral and octahedral) molecules from the point of view of the kinetic theory of transport and relaxation processes based on the Waldmann-Snider equation is considered. A simple expression is obtained for the spin-rotation interaction based on considerations of the molecular symmetry. The form of the spin-rotation coupling which contains, in addition to the so-called "scalar" coupling constant, also a scalar anisotropy part, Ac, of the spin-rotation coupling tensor determines, along with the collision operator, the form to be taken by an expansion of the nonequilibrium part of the distribution function-density matrix of the gas. Solutions of the set of coupled differential equations which follow upon application of the moment method to the linearized Waldmann-Snider equation lead to the Bloch equations which define the "spin-lattice" and transverse relaxation times in the gas. Those obtained here are comparable with those obtained using correlation function theory. However, in this work, due to explicit consideration of the molecular symmetry, it is shown that the "effective" spin-rotation coupling coefficient found in tetrahedral and octahedral molecules is not the same and depends in a simple way on the number of equivalent spins in the molecule.
Introduction
Traditionally, the theoretical treatment of nuclear magnetic relaxation (NMR) in fluids has utilized the correlation function approach. This procedure has been remarkably successful in describing the various relaxation processes occurring in these media. Of particular interest has been the studies of NMR in polyatomic fluids conducted by BLOOM,
HUBBARD, RAMSAY, WAUGH
and their co-workers and by TWARD and ARMSTRONG. The correlation function approach has recently been extensively reviewed by BLOOM and OPPENHEIM 1 and by GOR-DON 2 .
In the past few years there has been a growing interest in an alternative theoretical approach to NMR in fluids, conveniently referred to as the kinetic equation approach (KEA). As is apparent from the foregoing sentence, the KEA involves starting from a proper kinetic equation; for gases, the equation appropriate to NMR calculations is that of The principal advantage arising from the KEA is that the relaxation times are expressed in a natural way in terms of collision integrals similar to those obtained in describing transport processes in polyatomic gases. Other advantages accrue as well: the approximations employed are manifestly physical in nature and are seldom made for mathematical convenience alone; no assumptions need be made regarding the "strength of the molecular collisions". Finally, it might be mentioned that the removal of all approximations made and the extension of the method in order to achieve greater accuracy is fairly straightforward.
The present work deals with NMR in a gas of simple regular molecules in which the dominant relaxation process is that governed by the spin-rotation interaction. utilized throughout. By simple regular molecules, it is meant that special emphasis will be given to molecules having tetrahedral (e. g., CH4 , CF4) and octahedral (e. g., SF6, WF6) symmetries. Such molecules have a rather complicated intramolecular Hamiltonian describing the internal states. However, many of the terms contained there are quite small and may be neglected in considering gas phase NMR. Those contributions which remain describe rigid rotation of the molecule (governing the Boltzmann distribution of rotational states), centrifugal distortion and the various spin-rotation, spin-spin and (for nuclear spins ^ 1) quadrupolar couplings. The three latter-mentioned terms provide the dominant relaxation mechanisms. Centrifugal distortion and its role in NMR is not considered in this work. In addition to the intramolecular Hamiltonian, there are of course the usual nuclear and rotational terms which make up the Zeeman Hamiltonian.
Section 2 of this paper is devoted to a discussion of the form taken by the spin-rotation coupling in simple regular molecules. The kinetic equation and resulting set of relaxation equations are treated in Section 3 while their solution for the NMR problem is given in Section 4. The fifth Section is devoted to a discussion of the collision integrals and a comparison of the present results with those of BLOOM,
BRIDGES
and HARDY 9 , DONG and BLOOM 10 and HUBBARD N .
The Form of the Spin-Rotation Interaction
The spin-rotation coupling term for a regular molecule has the form ^SR = ^2s (i) -C( l ')-J (2.1) i where the summation over i runs over all nuclei situated at equivalent positions in the molecule and where S^ and C^ represent the individual nuclear spin operator and the spin-rotation coupling tensor at the i th position in the molecule while J is the rotational angular momentum of the molecule. Now, if ßi represents a unit vector along the bond-axis joining the i th nucleus to the central nucleus (assumed spinless), the spin-rotation tensor C« can be written in the form where U is the second rank isotropic ("unit") tensor having as components = . Expression (2.2) can be rewritten in terms of irreducible Cartesian tensors as
Here c is the average spin-rotation coupling (or the "scalar" coupling) c = J(c|| + 2 C_L) and Ac = c\\ -c_|.
represents the anisotropy of the spin-rotation coupling tensor: eiCi = e-tei -AU is a second rank irreducible tensor (symmetric and traceless).
As the only regular molecules actually occurring are those with tetrahedral and octahedral symmetry, it is useful to consider these two geometries explicitly. For tetrahedral molecules, 'HQR has the form
However, this form is not entirely convenient as it does not show explicitly how the molecular symmetry enters the problem. As only those terms which are unchanged by the operations of the molecular symmetry group, here T<j, can enter into the Hamiltonian, it is best to rewrite Eq. (2.4) in a manner which displays this symmetry. This can be achieved by examining the form taken by the irreducible representations of T& (see, e. g., Ref. 12 ) and by tak- 
If the "4" axis is chosen as the privileged axis so that the K quantum number is defined by the operator /j (the z-component of J in the molecular reference frame), then the latter three terms of expression (2.9) represent spin-rotation coupling terms which have off-diagonal matrix elements in the K quantum numbers. Were it not for the presence of the centrifugal stretching term in the Hamiltonian, these matrices would therefore mix the tetrahedral symmetry states for total spin 7 = 2,1 and 0 and the full expression (2.9) would have to be used in treating the NMR of tetrahedral molecules. However, due to the magnitude of the splitting of the total I symmetry states caused by the centrifugal distortion term, the aforementioned off-diagonal matrices can be safely neglected for the purposes of the present treatment (for a fairly detailed discussion of this see, e. g., Ref. 10 ). Hence, the form finally taken by I' for this problem is r= Ue 4 (2.10)
where I is given by I = i«+r 2 >+m=«w+s®+g® -3 «w.
(2.11)
With this result, the spin-rotation coupling becomes simply
(2.12)
In studying gas phase NMR, one further simplification is possible. Classically speaking, this involves taking an average over the rotational motion of the molecule for a given value of / or, quantum mechanically, retaining only that part of the operator e4 e4 which is diagonal with respect to the rotational quantum number, i. e., (e4 e4-J)diag = a J and a= (/f 2 -J/ 2 )// 2 where /f (having eigenvalue K) is the component of J along the molecular figure axis, here taken to be <?4 . When this has been done, Eq. (2.12) is replaced by
and it is this form of the spin-rotation coupling which will be employed in the present description of gas phase NMR.
For octahedral molecules, !HSR is given by
i^SR= Is«-C«-J.
(2.14)
The highly symmetric structure of the molecule allows an immediate replacement of the summation from 1 to 6 by a summation from -3 to +3 (excluding zero) and then the spin-rotation interaction takes the form
where the spin operators I and are given in this case by
Again, utilizing the molecular symmetry further to- into a form equivalent to (2.7) where now the "3" axis plays the same role as the "4" axis in Eq. (2.7). Thus, the spin-rotation interaction takes the form of Eq. (2.12), viz.,
with I defined in this case by
An entirely analogous equation to (2.13) can be obtained from Eq. (2.17) where now Jr represents the projection of J on the "3" axis.
It is worth remarking that if I is defined in terms of its square and its commutation relations with itself and with I (see Table 1 ), the Hamiltonian (2.13) so obtained is independent of the particle labeling and /j can be defined as the projection of J on an arbitrary molecule-fixed direction.
The Relaxation Equations
A description of NMR is afforded by the equation of motion of the nuclear spin polarization (I). In general, the polarization (A)(r,t) of any operator A (p, J, I, I) is defined as n (A)(r,t) = Tt f f A(p, J, I, I) dp
where / is the distribution function-density matrix for the gas and which depends upon position V, time t, linear momentum p, and on the rotational and nuclear spin angular momentum operators, J, I and I. The symbol Tr designates a trace over all rotational and nuclear spin states.
In polyatomic gases, the distribution function / is governed by the Waldmann-Snider equation which, like its noble gas analogue, the Boltzmann equation, is a nonlinear integro-differential equation. For situations in which / describes only a slight deviation of the system from equilibrium, this nonlinear equa tion can be replaced by a linearized version. Mösl cases of interest and in particular, NMR in gases, fall into this category. That there is only a slight deviation from equilibrium means that / can be written as
where, in general, the anticommutator of f^ with (1 + 0) is required since the perturbation function 4> need not commute with the equilibrium distribution function It is important to note that in this case, in contrast to the situation occurring in transport theory, it is necessary to retain in the complete Hamiltonian for internal states since otherwise the decay of the polarization to its true equilibrium value would not be obtained. The equilibrium distribution function f^ has the form
Advantage can be taken of the fact that JAgR and Hzeeman ar e very small compared with k T for all gas temperatures and for all field strengths normally employed in experiments on NMR in gases. This fact allows an expansion of the exponential factors containing JAand !Hzeeman to be made; no higher terms than first order ones need be retained. With this, Eq. Linearization of the Waldmann-Snider equation proceeds in the standard way 14, 6 and need not be described here. The end result, the linearized Waldmann-Snider equation is, for a spatially homogeneous gas, ^y -T^ [TfsR?
-~ CHzeeman, -
The commutators containing TisR an d ^Zeeman describe the influence of the spin-rotation coupling and the externally applied magnetic field, respectively, on the distribution function, while the quantity co is a positive definite (super) operator representing the effect of binary collisions in the gas. The specific form of to is not required for the considerations given at this moment but is, of course, neseccary for the calculation of numerical results. Suffice it to say at this point that co is bilinear in the transition amplitude a (or, equivalently, in the transition operator t) describing a binary collision and that the functional dependence is rather more complicated than the simple differential cross section which appears in the noble gas theory. The precise form of OJ will be given in Section 5.
For NMR, the Zeeman Hamiltonian has the form -fc^Zeeman = ty h'I + COj H'J (3.7)
where CO/ and CJOJ are the precession frequencies co/= -gi LIN H/h and CJOJ= -gTOt H/h with gi, gTOt and jUtf being the nuclear and rotational ^-factors and the nuclear magneton, respectively, while H is the magnitude of the applied magnetic field
H = Hh.
As has already beeen mentioned, NMR is described by the Bloch equation, i. e., the equation of motion of the nuclear magnetization, which is proportional to the nuclear spin polarization (I). The equation of motion for (I) is obtained in a natural way from the linearized Waldmann-Snider equation by expanding the perturbation function in terms of I, I and J and utilizing the moment method 15 . Quantities which are dependent on J must also be considered since the nuclear spin I is, for all practi-14 F. R. MCCOURT cal purposes, unaffected by molecular collisions. The mechanism by which the spin polarization relaxes is a relaxation of the simultaneous polarization of I and J by molecular collisions, this being communicated to (I) by means of the spin-rotating coupling. The form which the requisite expansion of 0 must take is, to lowest order, dictated by the moment method and the specific form of the internal state Hamiltonian. In the case under consideration, relaxation through spin-rotation coupling and where c and Ac are small compared with a typical J-changing collision frequency, the expansion for takes the form where {I 2 a 2 J 2 )0= ~ (7 2 (/ 2 -f ))0.
These results are for the "high temperature approximation" 6 ' 16 ; note, however, that this high temperature approximation is quite valid for gas phase NMR even at liquid nitrogen temperature. Now, forming moments by bringing in each of the expansion tensors of (3.8) and taking the "scalar product" (i. e., integration over dp and traces over all quantum states) with the equilibrium distribution function /0, a set of relaxation equations is obtained from Eq. (3.6), viz., 
The Bloch Equation
The simplest procedure which can be used in solving Eqs. These results apply both to tetrahedral and to has the value 3 while in the latter it has the value 2 octahedral molecules: in the former case the ratio q (for values of />2). The expressions obtained here can be compared to the results given by BLOOM,
BRIDGES
and HARDY 9 and by BLICHARSKI 17 for tetrahedral molecules. If the expressions given here are evaluated for a single spin, as in CHD3 , then the factors reduce to those obtained by the aforementioned authors. However, no attempt was made there to take into acount the equivalent nuclei in the tetrahedral structure and hence their expression differs from those given here by the factor 3/4 arising from ^r/4. Thus, in the extreme narrowing limit l/T is, for tetrahedral molecules, 1 2 2 / 72, f 1 .1 (Ac\2 1 1 .
The Collision Integrals
The general form of the collision operator co has been given by WALDMANN 3 and by SNIDER 4 and as such need not be repeated here. Of particular interest are the collision integrals wColl an d &>coll a P~ pearing in Eq. (4.6) and defined by Eqs. (3.11) and (3.12). As these are both diagonal collision integrals, they can be written in the form 18 {0 co (0) }0 = "0-i mr* Tr {/0 /01 0ä(aH0 + 01)
where the subscript "1" denotes the colliding partner in a binary collision, mT is the reduced mass of the colliding pair, ä essentially the scattering amplitude multiplied by a delta function with respect to the (total) energy 18 and Tr denotes the combined operation of a trace over all quantum states together with integration over the linear momenta of both colliding partners after a collision and their relative momentum before the collision (the trivial integration over the total momentum has already been performed). The primes appearing on 0' and 0{ in Eq. (5.1) indicate that these quantities are the same function of the linear momenta before a collision that 0 and 0 X are after; ä and a f are, of course, also functions of the primed variables as well as of the unprimed ones. where c0 is the thermal velocity c0 = [8 k Tjn mTY !t , then oeff represents a cross section for changes in J during a collision while oeff represents a cross section which includes an explicit dependence on changes in the angle between J and the figure axis.
Measurements of the Bloch relaxation times under conditions of magnetic field strength and pressure for which cp and cp are not small compared to unity, i. e., when "extreme narrowing" no longer applies, would allow the determination of both cocon and dicoii since there Tx and T2 are no longer equal. Such a procedure has been used by HARDY 19 to determine the relaxation times associated with the spin-rotation and dipolar couplings in H2 .
Ideally speaking, the collision integrals (5.3) and (5.4) should now be evaluated for the regular molecules of interest. If this were done and sufficiently accurate values of c obtained from molecular beam measurements, a value of \dc\ could be calculated from Tx or T2 data in the extreme narrowing limit. At the present moment, unfortunately, there are no collisional calculations available for tetrahedral or octahedral molecules. For a discussion of the collision theory for non-spherical molecules e. g. see Ref. 20 . An alternative procedure, more experimental in nature, would be to calculate theoretically the ratio between ojcou and c5C0n and then use the low density Tx and To measurements to obtain experimental values for | Ac ] and cocon • At the present moment, it is still possible to vary parameters in the manner introduced by BLOOM, BRIDGES and HARDY 9 and employed rather successfully by DONG and BLOOM 10 . In this procedure, physical reasoning is employed in order to estimate the ratio of the two collision integrals and then a "best fit" to the minimum in the Tx versus density curve is obtained by varying \ Ac | (with c obtained from molecular beam measurements). The same can be done here. If this is done, e. g., for methane then, due to the presence of the additional factors arising from the explicit consideration of the four equivalent proton spins in the molecule, the "best fit" value obtained kHz obtained by them could not actually be considered as definitive since they could also obtain a "best fit" for | zlc ! having the value 21.0 kHz by choosing the ratio of the correlation times to be slightly different from unity, viz., 0.86. They tended, however, to feel that the "equal correlation time" approximation gave the more reliable result.
Another approach to the problem can be attempted by looking more closely at the kinetic theory end. It is possible to attempt to relate the collision integrals occurring in Eq. (4.11) to those measured in the Senftleben-Beenakker effects. A check can be made of the validity of the approximations involved in such an approach if a molecule of the same symmetry is available for which both c and | Ac j are accurately known. This will be carried out here for CH4 . In particular, it will be convenient to consider the case when a>con = d>con (in lieu of measurements of both Tx and T2 in the non-extreme-narrowing regime). A strongly meaningful calculation is still somewhat frustrated, however, by the unavailability of measurements of the Senftleben-Beenakker effect for the shear viscosity of mixtures of regular molecules with the noble gases since it is the collision bracket obtained there rather than that obtained from the measurements in the pure gas which is analogous to those occurring in NMR. Nonetheless, an attempt can be made by utilizing the ratios as obtained using the rough sphere model -these will still give the qualitative picture. Table 2 . Some values of x and rRS-
The ratio of these collision integrals is denoted by TRS and is, therefore, = = (5.8) (values of this ratio for a number of typical regular molecules appear in Table 2 ). If it is assumed that this ratio remains unchanged in passing from the rough sphere model to a realistic collision model, then the quantity (7 2 ) 0/a>colI appearing in Eq. (4.11) 20
